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Abstract-This paper is concerned with the numerical op- 
timization of the Fuzzy Logic Controller (FLC) for both its effi- 
cient simulation and easy real-time implementation. The basic 
concept of the FLC based o n  generalized T-operators approach 
has been presented. Several assumptions regarding the mathe- 
matical formalization of the FL,C have been made leading to its 
numerical simplification. They include: Goguen formulas for T- 
operators, "Center of Gravity" method for defuzzification and 
the overlapping between not more than two membership func- 
tions for the controllers fuzzy output. Under these assumptions, 
the paper presents the FLC nom-fuzzy output as the ratio of two 
weighted sums of certain functions of the inputs reducing the 
computational burden of the PLC algorithm at least few tens 
times comparing with the definition-based approach. The Fuzzy 
Logic Power System Stabilizer (PSS) has been chosen as an ap- 
plication example. Results of simulation studies demonstrate 
the efficiency of both the presented optimization method in  
terms of numerical simplicity and the designed PSS in  terms of 
improving the power system stability. 
Key words: Fuzzy Logic Control, T-operators, 
Numerical Optimization, 
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I. INTRODUCTION 
Recently, fuzzy control has been applied to many 
power system control problems owing to the profits 
offered, such as: robustness, easy setting, possibility 
for including expert knowledge into the control ac- 
tion, to name only a few gains. The application 
fields cover Power System Stabilizers (PSS), control 
of electrical drives, VAR compensators, DC con- 
verters, tap changers fo1 power transformers and 
others. A fuzzy controller performs a non-linear 
mapping of its inputs into its outputs based on a set 
of conlrol rules given in the form of implication 
(if.. . the,rz..  ) [ 1,2,3]. The if-clause describes condi- 
tions for the input signals of the controller to be 
met so that the output from it takes the value given 
by the 1 hen-clause. As a rule, the if-clause is a string 
of conditions connected by AND-operators, but 
more complicated logical expressions are also al- 
lowed. Any rule defining the desired controller per- 
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formance involves linguistic variables related to 
both input and output signals. These variables 
("high", "low", "positive", "negative", etc.) are next for- 
malized by using fuzzy sets. For a particular input 
vector an output value is obtained in a certain se- 
quence of fuzzy logic computations. From the math- 
ematical point of view, this sequence may be 
formalized in a number of ways involving different 
approaches to logical expressions and a defuzzifica- 
tion routine. In any definition-based approach, how- 
ever, the needed on-line computations are 
numerically complex making both efficient modeling 
and implementation of a fuz:zy controller rather bur- 
densome (Sec. 11). 
In the paper, several alssumptions have been 
made in reference to a fuzzy controller, leading to 
its numerical simplification. They include: 
(1) There is an overlapping between not more than 
two consecutive membership functions for lin- 
guistic variables dc ~ -3ii-q the controller out- 
put. 
(2) The conditions in every if-clause are clipped by 
logical AND. 
( 3 )  The value of truth for implication is computed 
by AND-ing the if-  and then-clauses. 
(4) Logical AND is performed by multiplying values 
of truth for arguments, while logical OR - by ad- 
ding them and subtracting their product. 
(5)"Center of Gravity" method is used as a defuz- 
zification procedure. 
Owing to the above pre-defined characteristics of 
a fuzzy controller, its output may be computed as 
the ratio of two weighted sums of certain functions 
of the input signals (Sec.111). 
The required computational power for real time 
modeling and implementation of such simplified 
fuzzy logic controller has been approximated as a 
function of number of contIol rules, number of lin- 
guistic variables and number of input signals. 
Fuzzy nine-rule Power System Stabilizer is an ap- 
plication example. The stabilizing signal added to 
the generator AVR loop is obtained by applying - in 
a shell of a fuzzy logic controller - nine control rules 
related to two input signtals: deviation of rotor 
speed and rotor acceleration [4,5,6]. The controller 
designed up to the above requirements is presented 





tions demonstrating the efficiency of the control 
strategy have been performed for three-machine and 
nine-bus power system (Sec.IV). 
11. Fuzzy LOGIC CONTROLLER - BASIC CONCEPT 
I /  I , 5  
By a Fuzzy Logic Controller (FLC) we mean a 
control law that is described by a knowledge-based 
system consisting of if..then.. rules with fuzzy logic 
inference mechanism [1]. The rule-base is the main 
part of the FLC. It is given by a family of logical 
rules that describe the desired relationship (map- 
ping) between the controller inputs and outputs. 
In this study we consider a two-input and single- 
output FLC shown in Fig.l with control rules given 
in the following form: 
Rk: If (x is X,,) and (y is Ys) then (z is Z,) 
where: x,y input signals, 
Z output signal, 
X,, Y&, linguistic variables describing 
the level of the signals x,y 
and z, respectively. 
(1) 
Any control rule in the form of (1) refers to a 
family of linguistic variables X,, Ys, 2, ("positive", 
"negative", "large", "low", etc.) which purpose is to ex- 
press in a quantitative way the law governing the 
FLC. These terms are formalized by drawing the 
membership functions for appropriate fuzzy sets. 
Fig.2 presents examples. 
In order to obtain a non-fuzzy output from the 
controller, zo, for a particular input vector (x,y) a 
kind of reasoning has to be performed [l]. In this 
paper we follow the generalized T-operators ap- 
proach as a formal shell for implementation of a 
fuzzy controller [2]. 
T-operators are used to compute the values of 
truth for logical AND-ing and OR-ing in the system 
of continuous logic [ 2 ] :  
x and y = T(x, y )  ( 2 )  
xory  = T*(x,y) ( 3 )  
When designing the FLC one must chose the type 
of T-operators. Theoretical and experimental 
studies have indicated that some operators work 
better than others in some situations [21. 
In this study the Goguen T-operators are recom- 
mended [2]: 
T(x, Y )  = ?Y T*(x,Y) = X  + y - q  (4) 
Using the T-operators approach the non-fuzzy 
output from the FLC is achieved in the following se- 
quence of computations [1,2,3]: 
L__I 
Fig.1. Two-input and single-output Fuzzy Logic Controller 
t 
( 5 )  
(6) 
membership functions for the 
linguistic variables X ,  and Y,, 
respectively. 
(b) value of truth for every if-ciause (firing level): 
truth(@ iSXp) and @ is Yd) = T(Pxp(X), Pyqcy)) (7) 
(c) fuzzy output according to each, say k-th, control 
rule: 
Pk@) = (Pxp(X),  Pyqb) ,  Pzr(Z)) (8) 
PO(z) = Tc(pl(z),p2(z),  ... ,Pn(z)) 
where: z argument of the membership function pk.  
(d) fuzzy output according to the entire set of rules: 
(9) 
where: n number of rules. 
(e) defuzzified, non-fuzzy output from the FLC 
("Center of Gravity" method): 
+L 
-L 
s z P O ( 4  dz 
SPo(Z) dz 
z o =  +L 
-L 
where: L constant. 
The sequence of computations (5)-(10) is rather 
burdensome because the value of membership func- 
tion for the output, po(z), is called many times when 
computing the non-fuzzy output due to numerical 
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figuring of needed integrals in (10). In real-world 
applicalions the value of po(z) is expected to be 
called few tens times whal implies the totall number 
of multiplications and additions in the FLC algo- 
rithm to be in the range o€ few hundred. This makes 
both real-time implemenl ation and digitall simula- 
tion of the FLC difficult. The main goal of this 
paper is; to reduce the computational complexity of 
the FLC algorithm to a few multiplications and ad- 
ditions owing to some pre-defined assumptions 
referring to the linguistic terms for the Controller 
output. Those simplifications enable to compute 
off-line the integrals in 1 he defuzzification proce- 
dure. 
111. NUMERICAL OPTIMIZATION OF THE FLC 
A. Basic Assumptions 
The FLC algorithm given by (5)-(10) may be sig- 
nificantly simplified under the following assump- 
tions: 
1. Goguen formulas are used for T-operators (4), 
2. The value of truth for iimplication is given as (8), 
3. The "Center of Gravity" method is used for defuz- 
zification ( l o ) ,  and 
4. Therle is an overlapping between not more than 
two successive membership functions for linguistic 
terms dlescribing the controller output. 
B. Numerically Simplified FLC 
Let us denote: 
RI .. Rn controller rules, 
21 .. Znl 
h k  
linguistic terms for the FLC output, 
number of rules referring to the same 
output Zk (k  == I .. m).  
Of course: 
n l m  (11) 
m 
k = l  
hk = I% (12) 
Let us assume that the rules RI .. Rn are gathered 
in groups and ordered as follows: 
0 group GI consisting of RI .. Rhi refers to 21 as 
the rule conclusion, 
0 group G2 consisting of Rl+hl  .. Rhi+ha+i refers 
to 221. as the rule conclusion, 
0 group G, consisting of Rl+n-hm .. Rn refers to 
2, as the rule conclusion. 
Let pgi(Z) be the membership function of the 
fuzzy output from the FLC according to i-th group 
of rules. It is to  be computed as (i = I .. m):  
... 
The above equation me:ans the following se- 
quence of calculations: 
0 first, the value of truth for each rule from the 
group is obtained as T pXu x),pyv(y)) , 
0 next, the if-clauses for all1 the rules in the group 
are clipped by means of OR-operator giving 
0 finally, the appropriate formula for value of truth 
of logical implication is applied (8). 
In other words (13) first aggregates the if-clauses 
in the group of rules and next computes the implica- 
tion owing to the fact that all the rules in the group 
have the same conclusion. 
Since the Goguen formula is assumed for T- 
operators, (13) may be re-written as: 
( (  
T" [T (Pxu(9, 1cyvcv)) 7 . . .] 9 and 
pgi(z) = Ai@$) pzi(z) (14) 
where: 
Ai@$) = r* [7'(,xu(~),pyv(y)) , ...I u,vfrom Gi (15) 
Equations (14) and (15) formulate the fuzzy out- 
put according to the single group of rules, pgi(Z), as 
the product of a certain function of the input signals 
Ai@$) and the membership function of the linguistic 
term for this group of rules, pzi(Z). 
Next, the fuzzy output from the FLC (9), po(z), is 
computed as: 
Because the membership functions for Z i  .. Zm 
overlap between not more than two and are indexed 
so that Z i  overlaps with 2 2 ,  2 2  overlaps with 2 3 ,  
etc., one may observe that: 
m m-1 
Equation (16) reduces to its simple form (17) 
owing to the fact that in the full form of (16) all the 
products consisting of more than two elements 
equal to zero for any z ,  so do the two-element 
products of non-consecutive elements (they do not 
overlap). 
Inserting (14) into (17) one obtains: 
m 
i = l  
m-1 
i = l  
po(z) = 2 Ai@$) pzi(z) - (18) 
Ai@$) ili+l(xy) pzi(z) pzi+l(z)  
Since the defuzzification is assumed to be based 
on (10) one gets the non-fuzzy output from the con- 
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i = l  i = l  
A = 2 ai&@$) - CpiJ.i(x$)Ai+l(x$) ( 2 3 )  
Note that the numerator of (19) ,  A ,  is a weighted 
sum of certain functions of the input signals; it does 
not depend on the argument, z ,  because the factors 
a i  and p i  are pre-computed off-line based only on 
the shape of the membership functions for the terms 
21 .. Zm. 
Similar reasoning ought to be repeated for the 
denominator, B,  of (19):  
+L m +L 
-L i = l  
B = J ~ o ( z )  dz = 2 (24)  
L J 
Now, the denominator, B,  becomes a weighted sum 
of the functions 131 ..Am: 
m m-1 
i = l  i = l  
B = 2 yi Ai@$) - 2 t i  Ai@$) Ai+l(x$) (27)  
During off-line designing procedure of the FLC, 
the factors a i ,  p i ,  yi, Ei (4m-2 numbers) are pre-com- 
puted either analytically or numerically. At this 
stage, the functions A1 . .Am are also formed depend- 
ing on the control rules in every single group. 
During on-line operation of the controller, at 
every sampling instance, the functions A 1  ..Am are 
calculated for the input vector (x,y), next, equations 
(23)  and (27) and finally (19)  are executed in order 
to compute the output signal, zo.  
C. Numerical Complexity of the Simplified FLC 
If the group of rules, Gi, consists of hi  rules and 
the functions pxp and pyq are known (for example 
they are stored as look-up tables), the computations 
needed for the function Ai(x8) do not exceed: 
( u t i  - 1 )  I;* + 2(hi - 1 )  5' (28)  
where: 5: multiplication, 
5 addition. 
Bearing in mind ( 1 2 )  one obtains the computa- 
tional burden for all the functions A1 ..Am, 51, as a 
function of n and m :  
(29)  51 = (2n - m)<*  + 2(n - m ) 5 +  
(23)  and (27) ,  52,  may be easily approximated as: 
The computational load for the formulas (19 ) ,  
52 = (6m + 1 )  5* + 4(m - 1 )  5' (30)  
Thus, the total computational burden of the 
simplified FLC does not exceed: 
5 = (2n + 5m + I )<* + 2(n + m  - 2)5+ (31) 
Note that the computational load given by (31) is 
comparable with the amount of computations 
needed for single calling for po(z) (i.e. for a par- 
ticular z). If the definition-based approach is used 
and the defuzzification is performed on-line, the 
function po(z) is to be called at least few tens times. 
It means that our simplified approach reduces the 
amount of needed computations at least few tens 
times comparing with the definition-based proce- 
dure. 
IV. POWER SYSTEM STABILIZER - APPLICATION 
EXAMPLE 
A. Design and Optimization 
The Power System Stabilizer (PSS) operating as 
shown in Fig.3 has been chosen as an application ex- 
ample. 
The input signals for the PSS are: 
n speed deviation (a - os), 
y rotor acceleration (d(o - o,)/dt) 
where: 
while the output signal, z, is injected into the volt- 
w ,  os actual and synchronous rotor speed, 
respectively; 
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age control loop as shown in the figure. 
Each signal (x, y and z) is judged to be "positive" 
(terms X3, Y3 and 23, respectively), "zero" (X2, Y2 
and Z2)  or "negative" (Xi, Yi, 21). The membership 
functions X k  Yk and Zk (k = I .. 3) are identical for 
all three signals x, y and z and are shown in Fig.2. 
The natural difference between the signals is taken 
into account when adjusting the gains kx, k,  and kz 
(see Fig.1). The rule-base for the PSS is gathered in 
Fig.4 [7]. 
The functions A1 ..A3 are to be formed as follows: 
9 (32) 
A3(xJ') = T [ T  P d X ) , P y 3 ( Y )  ,T(Px3(x),Py3(Y)) 7 (34) 
T&x3(x)>Py2(Y)3 1 
The factors ai ,Pi ,Yi  and Ei are collected in Tab.1. 
The total amount of computations for this ap- 
plication equals: 
5 = 34[* + 201;' (35) 
Taking into account symmetry of Yi andEi as well 
as asymmetry of a i  and Pi it may be even more 
reduced (see Tab.1). 
Fig.5 shows the non-linear mapping of the input 
signals (speed deviation and rotor acceleration) into 
the output stabilizing signal provided by the 
designed PSS (the scaling gains kx, k ,  and kz are not 
taken into account). 
B. Simulation Studies 
The developed PSS has been tested in 3-machine 
and 9-bus 550kV/60Hz power system. All three 




type11 IEEE excitaiion systems [8] 
SYNCHRONOUS 
MACHINE 
c A V R  
Fig.3. Configuration of the study system. 
I l z I -  X I 
Fig.4. Rule-base for  the nine-rule PSS. 
TABLE I .  THE WEIGHTING FACTORS O F  THE Pss. 
and appropriate governor models [9]. The 
EMTP/ATP package has been used as a simulation 
tool [lo]. The generators have been modeled by 
Park's equations, while the lines - as PI cascades 
[lo]; lops time step has been applied. The proposed 
PSS has been assumed to be installed at one unit 
only. The studied system was extensively tested 
under variety of operating conditions. The control- 
ler sampling period was fixed at 20ms; the rotor ac- 
celeration d(Ao)/dt was computed by means of 
three-point formula and additionally filtered using 
the FIR filter with triangular data window. In 
course of simulation the scaling gains have been ad- 
justed as follows: kx = 150, k ,  = 400 and kz = 0.5, 
while the stabilizing signal, z, was thresholded to 
+/-0.3 pu. Figs.6-10 show the chosen signals during 
a single-phase short-circuit in the system cleared 
after 300ms and followed by the Is  3-pole successful 
auto-reclosure. Comparing Figs.6 with 8 and Fig.7 
with 9 one can see the efficiency of the proposed 
stabilizing scheme. 
V. CONCLUSIONS 
In the paper the Fuzzy Logic Controller formal- 
ized by means of T-operators with Goguen formulas 
Fig.5. Non-linear mapping provi&d'by the designed PSS. 
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2 4 6 time [sec] 10 
Fig.6. Power angle of the study generator (PSS off). 
2 4 6 time [sec] 
1 0.01 I acceleration [pa/sec] 
Fig.7. Phase trajectory of the study generator (PSS off). 
and "Center of Gravity" defuzzification method has 
been significantly optimized from the numerical 
point of view. Owing to certain assumptions, the 
defuzzification procedure was performed off-line 
and the non-fuzzy output from the controller was 
achieved as a function of the controller inputs. Con- 
sequently, the computational burden of the control- 
ler algorithm has been reduced tens times. 
Simple nine-rule Power System Stabilizer for 
multi-machine power systems has been design, op- 
timized and analyzed in order to illustrate the intro- 
duced ideas. Provided simulation results demonstra- 
te the efficiency of the stabilizing scheme. 
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